ABSTRACT Solairaju and Chithra introduced a new type of labeling of a graph G with p vertices and q edges called an edge odd graceful labeling if there is a bijection f from the edges of the graph to the set {1, 3, . . . , 2q − 1} such that, when each vertex is assigned the sum of all edges incident to it mod 2q, the resulting vertex labels are distinct. In this paper, we proved necessary and sufficient conditions for the cylinder grid graph C m,n = P m × C n and torus grid graph T m,n = C m × C n are edge odd graceful.
I. INTRODUCTION
Graph labeling is an active area within graph theory, having connections with variety fields of science. Graph Labeling was first introduced in the 1960's. A graph labeling is an assignment of integers to the vertices or the edges, or both, subject to certain conditions. Despite the large number of papers in this field of graph theory, there are no general techniques for labeling different classes of graphs. A common approach in graph labeling is to provide formulas for gracefully labeling the given graph.
We begin with simple, connected, finite, undirected graph G = (V (G), E(G)) with p = |V (G)| and q = |E(G)|.
In 1967, Rosa [1] introduced a labeling of a graph G called β− valuation, later on Golomb [2] called as ''graceful labeling'' which is an injection f from the set of vertices V (G) to the set {0, 1, 2, . . . , q} such that when each edge e = uv is assigned the label |f (u) − f (v)|, the resulting edge labels are distinct. A graph which admits a graceful labeling is called a graceful graph.
In 1991, Gnanajothi [3] introduced a labeling of a graph G called odd graceful labeling which is an injection f from the set of vertices V (G) to the set {0, 1, 2, . . . , 2q − 1} such that when each edge e = uv is assigned the label |f (u) − f (v)|, the resulting edge labels are {1, 3, . . . , 2q − 1}. A graph which admits an odd graceful labeling is called an odd graceful graph. She proved that every graph with an odd cycle is not odd-graceful and the path graph P n and the cycle graph C n are odd graceful if and only if is even n.
In 1985, Lo [4] introduced a labeling of a graph G called edge graceful labeling, which is a bijection f from the set of edges E(G) to the set {1, 2, . . . , q} such that the induced map f * from the set of vertices V (G) to {0, 1, 2, . . . , p − 1} given by f * (u) = uv∈E (G) f (uv)(mod p) is a bijection.
A graph which admits edge graceful labeling is called an edge graceful graph.
The necessary condition for a graph with p vertices and q edges to be edge graceful is that q(q + 1) ≡ p(p+1) 2 (mod p) which is found by Lee [5] .
In 2009, Solairaju and Chithra [6] introduced a labeling of a graph G called edge odd graceful labeling, which is a bijection f from the set of edges E(G) to the set {1, 3, . . . , 2q − 1} such that the induced map f * from the set of vertices V (G) to
is an injection. A graph which admits edge odd graceful labeling is called an edge odd graceful graph. They proved that the following graphs are edge odd graceful: Paths with at least 3 vertices; odd cycles; ladders P n × P 2 , n ≥ 3; stars with an even number of edges and crowns C n K 1 . Recently, Daoud [7] introduced edge odd graceful labeling of some path and cycle related graphs. For a summary of the results on these four graceful labels as well as all known labels so far, see [8] .
II. EDGE ODD GRACEFUL OF CYLINDER GRID GRAPH
The cylinder grid graph C m,n is the graph formed from the Cartesian product P m × C n of the path graph P m and the cycle graph C n . That is the cylinder grid graph consists of m copies of C n which represented by circles and will be numbered from the inner most circle to the outer circle as C (1) 
and we call them circles, and n copies of P m which represented by paths transverse the m circles and will be numbered clockwise as P (1) 
m and we call them paths. See Fig.1 .
Theorem 1: If m is an even positive integer and n ≥ 2, then the cylinder grid graph C m,n , is an edge odd graceful graph.
Proof:
Let the cylinder grid graph C m,n be as in Fig.2 . First we label the edges of the paths P 
Therefore the labels of corresponding vertices mod (4mn − 2n) will be
Theorem 2: If m is an odd positive integer greater than 3 and n ≥ 2, then the cylinder grid graph C m,n , is an edge odd graceful graph.
Let the cylinder grid graph C m,n be as in Fig.3 .
There are two cases: 
Second we label the edges of the circles C (k) n , 1 ≤ k ≤ m begin with the edges of the inner most circle C (1) n then the edges of outer circle C (m) n , then the edges of the circles
n . Finally we label the edges of the 
n as follows:
To avoid this problem, we interchange the labels of the two edges v 1 v 2 and v 2 v 3 to be as follows:
f (v 1 v 2 ) = 2n(m − 1) + 3 and f (v 2 v 3 ) = 2n(m − 1) + 1 and so we get:
The labels of the rest of vertices are as the same as in the case (1) .
Illustration: The edge odd graceful labeling of the graphs C 6,12 , C 6,13 , C 7,12 , C 7,13 , C 7,14 and C 7,15 are shown in Fig. 4 , respectively.
III. EDGE ODD GRACEFUL OF TORUS GRID GRAPH
The torus grid graph T m,n is the graph formed from the Cartesian product C m × C n of the cycle graphs C m and C n . That is the torus grid graph consists of n copies of C m which represented by circles and will be numbered from the inner most circle to the outer circle as:
m and we call them circles, and m copies of C n which represented by ovals or elliptic shapes transverse the n circles and will be numbered clockwise as C 
k is even and 1
Therefore the labels of corresponding vertices mod 4mn will be: (2) : n ≡ 2 mod 4. Let the torus grid graph T m,n be as in Fig.7 . First we label the edges of the ovals C 
by 2m(n − 1) + 1, 2m(n − 1) + 3, 2m(n − 1) + 5, . . . , 2mn − 3, 2mn − 1. The labels of the edges of the circles C (k) m , 1 ≤ k ≤ n are as the same in case (i) without any change.
Therefore the labels of corresponding vertices mod 4mn will be
If n is an odd positive integer greater than 1 and m is an even positive integer, then the torus grid graph T m,n , is an edge odd graceful graph.
There are two cases: Case (1): When m = 2. Let the torus grid graph T m,n , be as in Fig.8 .
First we label the edges of the left oval as follows:
Then we label the edges of the right oval as follows:
Then we label the edges of the upper half circles as follows:
Finally we label the edges of the lower half circles as follows:
Therefore the labels of corresponding vertices mod 8n will be:
Case (2):
When m is even positive integer greater than 2. This case can be divided it into four subcases.
Subcase (i): m ≡ 0 mod 8. Let the torus grid graph T m,n be as in Fig.9 .
First we label the edges of the ovals C 
